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. I n t r o d u c t i o n
The theoretical study of the transport phenomena in metals requires the solution of a complicated integral equation for the velocity distribution function of the conduction electrons. This equation has so far been solved only for the simplest model in which the electrons are assumed to be quasi-free; even for this case, how ever, no satisfactory and generally valid solution has yet been given, although much effort has been devoted towards obtaining solutions in a variety of special cases. At high temperatures, such that (0/T )2 can be neglected, where 0 is the Debye temperature, the integral equation reduces to an ordinary equation, and a solution is easily obtained (see, for example, Wilson 1936, p. 208) ; and the terms of higher order in (0 /jP)2 may be obtained by a method of successive approximations (Wilson 1937, § 2) . The case of an impure metal at very low temperatures can also be treated by a method of successive approximations, which amounts to an expansion in descending powers of the residual resistance (Wilson 1937, § 3; Dube 1938) ; but the higher order terms become very complicated, and the method cannot be applied to the case of an ideally pure metal. The electrical conductivity of a pure metal can be obtained by a special method due to Bloch (1930) , but this gives only the leading term at low temperatures, and it cannot be used at all to deal with the second-order effects such as the thermal conductivity and the thermo-electric power.
More general methods, applicable in principle to the whole temperature range, have been given by Kroll (1933 a, b) and more recently by Kohler (1948 Kohler ( , 1949 . Kroll transformed the integral equation into an infinite set of linear equations and obtained a solution by the use of infinite determinants; he confined himself to an evaluation of the leading terms only in the thermal conductivity and the thermo electric power of an ideal metal at low temperatures.* Kohler transformed the * I t is show n in § 5 of th e p rese n t p a p e r th a t K ro ll's orig in al re su lt for th e th e rm a l co n d u c tiv ity is, in fact, in co rrect; see also K roll (1938) a n d U m ed a & Y am a m o to (1949) .
[ 75 ] integral equation into a variational problem, and attem pted to obtain a solution by expanding the distribution function as a power series and by using the variation principle to determine the coefficients. He evaluated explicitly only the approxi mations of lowest order, and found th a t they lead to expressions for the electrical and thermal conductivities which are identical with the interpolation formulae previously obtained by Wilson (1937) for an impure metal, assuming the general validity of Matthiessen's rule concerning the additivity of the residual and ideal resistances. (The expression for the ideal electrical resistance obtained by these methods is identical with the well-known Gruneisen-Bloch interpolation formula.) These formulae are, however, known to lead to incorrect results a t intermediate temperatures (Dube 1938) , and no explicit expressions for the transport magnitudes which are exact for all temperatures have so far been given.
Such expressions are provided in the present paper, which represents a synthesis and further development of Kroll's and Kohler's methods of solution. In §2 the variational method as developed by Kohler (1949 is recapitulated, and it is shown th a t it leads to equations which are identical with those obtained earlier by Kroll (1933 a) by means of an arbitrary procedure.* In § 3 the calculations are completed without approximation, the transport magnitudes for a degenerate electron gas being finally obtained as the ratio of two infinite determinants (equations (38), (39) and (40)). The results may be evaluated numerically to any desired degree of accuracy by breaking off the determinants a t a finite number of rows and columns, but no attem pt is made to give a general discussion of the convergence of the method. Wilson's interpolation formulae are obtained on retaining only the lowest terms in the determinants which give a non-zero result, and it is shown in §3-31 th a t the effect of the higher approximations is to increase the electrical and thermal con ductivities above the values given by Wilson.
The electrical conductivity is discussed in detail in § 4, and numerical values are given. I t is shown th a t the Griineisen-Bloch formula leads to values of the ideal electrical conductivity which are appreciably too low a t temperatures close to the Debye temperature, in agreement with the experimental facts. For an impure metal it is found th a t Matthiessen's rule breaks down in the im portant temperature region where the residual and ideal resistances are of the same order of magnitude. The deviations from the rule are small and positive, in qualitative agreement with experiment. A result obtained by Dube (1938) , which seems to indicate th at the deviations from Matthiessen's rule are negative, is discussed in § 4-22 and is shown to admit of no such interpretation.
The second-order phenomena are considered in §5. I t is shown th at Wilson's formula for the thermal conductivity, discussed in detail by Makinson (1938) , is qualitatively correct, and, in particular, the existence of a minimum at intermediate temperatures is confirmed. The numerical values of the thermal conductivity, how ever, are increased appreciably a t intermediate and (for an ideal metal) a t low tem peratures. The paper concludes with a brief discussion of the thermo-electric power in §5*2.
General theory

2*1. The integral equation
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The discussion is restricted to monovalent metals and it is assumed th a t the electrons are quasi-free, so th a t the energy E is related to the wave-vector k by E = A21 k ^KSirhn), m being the effective mass of an electron. In the presence of an electric field S and a temperature gradient dTjdx parallel to the x axis, the distribution function / of the conduction electrons is most conveniently w ritten in the form
where rj = (E -Q /kT (£ being the Fermi energy level and Te being Boltzmann's constant*),/0 is the Fermi function l/(e' +1), and c(rj) is a function of rj which has to be determined.
When scattering by both impurities and the lattice vibrations is taken into account, the integral equation for c(ij) is (Wilson 1937, equations (3) and (19)) where
e' + l e'+^+l 11 -e~*|* -e being the electronic charge, M being a constant depending on the number and scattering power of the impurities, and A and D being constants characteristic of the pure metal. The explicit form of L(c) will not be needed for the general results to be proved in the present section.
2*2. The variation principle
Since the integral equation is linear, it is sufficient to solve it when the left-hand side is replaced by E n, the corresponding solution being denoted by dn\ To obtain a solution use is made of a variational formulation due to Kohler (1948 Kohler ( , 1949 . Kohler has shown th a t the correct solution c(n) is such as to make the integralf (4) and (5) 
and S = S u f ' t f (10) /**0
and <*<?> = J *
By differentiating with respect to e ft (say), it is fo of (9), subject to the condition (10), is obtained if the coefficients e ft satisfy the infinite set of equations S d^e ft » ceft (/* = 0,1,2,...).
(13) v*=0 Equation (13) could have been obtained formally from equation (2) by multi* plying by ^0 / o/0iy, where fi = 0, 1, 2, ..., and integrating with in fact, the procedure adopted (without special justification) by Kroll (1933 a; see also Wilson 1936, §6*5) .
2*3. The current densities I f v is the velocity of an electron (hv = 2n gradk E), the electric current is given by = ^. l {^+ e T^( | ) } + J f ; , , |i^> (14) and the heat current is given by
a s ) * Apart from a multiplicative constant, the quantity defined here is the same as that used by Kohler (1949a, equation (8c)). Also aj}* and a*}* correspond to Kohler's and but are not identical with them for the reasons given in the footnote on p^ 77.
Iff vxE fdkxdki dkz
where, using equations (8) and (12),
(16) (Note th a t the notation for the X 's differs slightly from th a t used by Wilson (1937)0 2*31. Solving the infinite set of equations (13) for the efcpand substituting the result in (16), it is easily shown th a t X -
where 9 is the determinant of the ds ,
All the transport effects of interest are readily expressed in terms of the Xn.n> and hence in terms of the quantities and acf*. The electrical conductivity is given by = 8e8A / 0 \ 8% t Jr#'1 3 \T / 9 * The thermal conductivity is and where 0 4 ro) 4 m> 4 m) Finally, the absolute thermo-electric power per degree is -@/e, where
3. E xplicit evaluation op the transport magnitudes for a DEGENERATE ELECTRON GAS 3*1. The quantities ajf* and d^, defined by equations (12) and (11) (L being th e integral operator (3)), may be evaluated by expanding in powers of tj and using the usual methods for integrals involving the Fermi distribution function. The calculations are straightforward b u t (in the case of the d^) somewhat lengthy; details are given in appendix l,.and only the final results will be quoted here.
I t is found th a t . .
if ju is even (including ju 0), and th a t
if ju is odd, where y = k T/ £ is the degeneracy parameter, and where 
if /i + vis odd. In these expressions the symbol 2 > f°r example, means th a t the A ?* ® 3) 5f 7f ••• upper limit of the summation is to be taken as /t -1 or according as is even or odd, and, moreover, th a t the summation is to be omitted entirely if 3. I t is evident by inspection th a t F^ = F ' as particular cases, we have
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if vis even, and JFL 
(29) (e®-1)(1 -e-®)* I t should be particularly noted th a t the calculations have been carried out retaining all powers of y. The expressions for are infinite series in ascending powers of y2, while the involve powers of y up to and including the second only.
3*2. The transport magnitudes can now be evaluated explicitly by substituting the expressions (24) and (26) in equations (20), (21) and (23). For a degenerate electron gas it is sufficient to retain only the lowest terms in an expansion in ascending powers of y2. This enables us to simplify the resulting expressions considerably; it should be noted, however, th a t this approximation does not, in general, allow us to break off the infinite determinants a t a finite number of rows and columns.
I t follows from (18) and (26), for example, th a t the leading term in the deter minant 2 is independent of y, and is and, after somewhat more complicated manipulations,
only the lowest power of y2 being retained in each case.
3*3. The final results are most conveniently expressed in terms of the approximate interpolation formulae for the electrical and thermal conductivities of an impure metal given by Wilson (1937, p. 378) . From (26) it is readily shown th a t if fi + v is even, and
if fi + vis odd, where \jarr and where
is the Gruneisen-Bloch interpolation formula for the ideal electrical resistance. Alternatively, for fi + v even, d^" may be written as
(Fu being obtained from (27a)), where k= ^(nkje)2 conductivity (note th a t the present notation differs slightly from Wilson's), and
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Ki 27 h 8w*jfe*£*A0 is Wilson's interpolation formula for the ideal part of the thermal resistance.* Combining equations (20), (30), (31) and (34a) and removing a common factor from numerator and denominator, the final expression for the electrical conductivity is obtained in the form A T r /c* being given by (37), and where JST(2n) is the determinant obtained by breaking off the denominator of (39) a t the (n + l)th row and column, while -ST(2n) is obtained from .K'(2n) on replacing the last column by a2,a 4, ...,<x2n+2. In equations (44) and (45) the correction terms to Wilson's interpolation formulae are exhibited explicitly. I t may be shqwn th at the determinants $(2n) and are positive (this is essentially due to the fact th at the defined by (11) are the coefficients of a positive definite quadratic form), and the series (44) and (45) are therefore monotonically increasing sequences.
The electrical conductivity
4*1. The expressions (38) and (44) for the electrical conductivity are valid for all temperatures (provided th at it is permissible to treat the electron gas as completely degenerate), and for ideally pure as well as for impure metals. Previous solutions have all been confined to the regions of temperatures high and low compared with the Debye temperature, for which the complicated general expressions reduce to comparatively simple ones. At high temperatures, Wilson (1937, § 2) has shown th a t the conductivity is given by (43), correct to terms of order (0/T )2 and M S jT .* Further, Bloch (1930) has shown th at the ideal part (35) of (43) represents the leading term in the expression for the conductivity of an ideal metal a t very low tem peratures, and Wilson (1937, § 3) has shown th at (43) also gives the conductivity of an impure metal a t low temperatures, correct to terms of order o^/crt. (These special results can, of course, be shown to follow directly from (38) and (44); the proofs will not be given here.) At sufficiently high and low temperatures, therefore, cr = o®\ Matthiessen's rule is valid, and the correction terms represented by the infinite sum in equation (44) are negligible. At intermediate temperatures, however, such th at T is comparable with 0 , or crr with <r{, the correction terms become appreciable and increase the electrical conductivity above the value given by (43). For an ideal metal, each correction term is proportional to (0/T )5 a t high temperatures and to ( 0 /jT)3 at low temperatures (cK°> being proportional to 0/2* and (0/21)5 respectively); while, for an impure metal, each correction term is proportional to (270)1O /Af3 a t low temperatures, or<0> being proportional to 1 I t is, in general, no longer possible to separate the resistivity into a part depending upon pr only and a part depending * In discussing the high-temperature limit Wilson actually confined himself to the case of an ideally pure metal (M = 0), but his method is easily extended to include the impurity term.
upon pi only; no simple formula can be given for the deviations from Matthiessen's rule, but they are evaluated numerically below for some typical cases. 4*2. The magnitude of the correction terms has to be estimated by numerical methods. For this purpose it is convenient to rewrite equation (44) in terms of the notation introduced by Makinson (1938) . The ideal electrical resistance a t high temperatures, such th a t (0 /jP)2 can be neglected compared with unity, is (Wilson 1936, p. 208 
where
W ith this notation, (44) 4*21. Equation (49) may be used to compute successive approximations to by retaining successive terms of the infinite series; the value obtained by retaining N terms of the series will be denoted by = l/pfiW. In the approximation of zero order, Matthiessen's rule is valid and the resistance is given by (43).* I f p f^ denotes the resistance of the ideal metal in the Nth. approximation, the deviation A(2iV) from Matthiessen's rule is A(W = (p N)_ (51) in general it will depend both upon the temperature and upon} the amount of impurity present.
The first three approximations have been evaluated numerically, An idea of the magnitude of the correction terms, and of the rapidity with which the series (49) converges, can be obtained by an inspection of table 1. I t is seen th a t the deviations from the zero-order values of the resistance are negative (as noted in § 3*31 above), are largest in relative value when T /0 is of the order of 0*2 bu t decrease rapidly for higher and lower temperatures, and are most im portant for very pure specimens, the maximum value of the correction to the ideal resistance amounting to about 10 %. The deviations A from Matthiessen's rule are positive, increase w ith the amount of im purity present and are largest in the region where the residual and ideal resistances are of the same order of magnitude. They are, however, very small in relative magnitude, and, for the range of values shown in table 1, A is always less than 1 % of the total resistance. The measured resistance values are usually separated into an ideal and a residual p art by assuming the validity of Matthiessen's rule, and the tem perature variation of the ideal resistance is assumed to be given by the Griineisen-Bloch formula (35) (Gruneisen 1933). I t is now seen th a t both these assumptions are incorrect, and in particular th a t equation (35) leads to values of the ideal resistance which are con siderably too high a t intermediate temperatures. Also Matthiessen's rule is strictly valid only a t high temperatures, and a t very low temperatures such th a t the residual resistance is large compared with the ideal resistance; however, the rule always represents a good approximation, and the deviations from it need only be taken into account if high accuracy is required. The experimental data (compare the tables given by Gruneisen 1933) are not sufficiently accurate to be compared in detail with the theoretical results, but they are in general agreement .with the predictions outlined above. The observed values of the ideal resistance a t intermediate tem peratures are in most cases smaller than the values calculated from equation (35), and the magnitude of the deviations is of the order predicted by the present theory. The observed deviations from Matthiessen's rule, however, are in many cases too large to be explained by the present theory, although they agree qualitatively with its predictions; and to account for their order of magnitude it is, in general, necessary to employ models more complicated than the one-band free-electron model dis cussed here (Sondheimer & Wilson 1947, p. 450; Kohler 19496) . 4*22. Kohler (19496) has proved generally th a t the deviations A from Matthiessen's rule are always positive (or zero), and it has been shown above th a t the behaviour of the free-electron model is in agreement with this result. A calculation due to Dube (1938) , however, is in apparent contradiction with Kohler's theorem. Dube attem pted to obtain an estimate of A for the free-electron model by using Wilson's (1937) method of successive approximations to calculate the resistance of an impure metal a t low temperatures, correct to terms of order ( )2. Dube's result is (using
where pi is given by (35), and where g(T) -1 i § a complicated function of T whic tends to a constant positive value at very low temperatures. (An expression corresponding to (52) may easily be obtained from (44) by expanding in powers of < rrl<rit but owing to the restricted validity of such an expansion this question will not be considered further here.) Dube used his result to conclude th a t the deviation from Matthiessen's rule is
which is negative. This argument is, however, fallacious. The reason is th at, in the approximation considered by Dube, it is not correct to identify the expression (35) with the ideal resistance. In fact, (35) represents merely the leading term in an expansion for the true i^leal resistance p\ a t low temperatures, of the form where Ci s a positive constant. The leading term in the expression for A a t low temperatures is therefore given by A = p -(p ,+ P t) = CPi{^y, (55) and not by Dube's expression (53), the latter being of higher order in T /0 . A is therefore positive, in agreement with the general result, and it is clear th a t Dube's calculation by itself cannot be used to draw any conclusions whatsoever as to the nature of the deviations from Matthiessen's rule.
Second-order phenomena
5*1. The thermal conductivity
The general expressions (39) and (45) for the thermal conductivity are analogous to those for the electrical conductivity, and may be discussed in similar fashion. The zero-order approximation given by equations (37) and (46) was first obtained by Wilson (1937) and has been discussed in detail by Makinson (1938) , and we must now consider how this expression has to be modified to take into account the effect of the higher order correction terms. Wilson has shown th a t k*® is the correct ex pression for the thermal conductivity a t high temperatures, including terms of order (0/T )2 and M®jT, and th a t it holds also for an impure metal a t low tem peratures, correct to terms of order There is, however, one im portant differ ence compared with the case of the electrical conductivity. Bloch's (1930) method, which is used to show th a t the ideal electrical resistance at low temperatures is given correctly by (35), cannot be applied to the second-order effects such as the thermal conductivity, and in fact the ideal thermal conductivity a t low temperatures is not given by (37), contrary to statements made by Kroll (19336) and Wilson (1936, p. 219) . This m atter is discussed further below, but the difference in status between equations (35) and (37) should be carefully noted. 5*11. To evaluate the thermal conductivity numerically, we use the notation of § 4*2 to write equation (45) in a form whioh corresponds to (49). This is 12.4
[ e j *11+a*lA
where A is given by (48), L 0 -\{ n k je f is the 'norm al' (high-temperature) value of the Wiedemann-Franz ratio, and where 
57)
while is obtained from ^2n) on replacing the last column by a2, <x4, ..., a2»+2* The value of the thermal conductivity obtained by retaining N terms of the infinite series in (56) will be denoted by /d2^.* The s required for evaluating the first three approximations are given explicitly in appendix 2; the results of the calcu lations for a monovalent metal, both in the absence of impurities and for two values of the impurity parameter pr/4A, are shown in table 2 and are displayed graphically in figures 1 to 3.
As a particular result it should be noted th at, for an ideal metal a t low tem peratures, each term of the series (56) is proportional to ( 0 / jP)2; the ideal therm al conductivity is therefore proportional to T~2, as stated by Makinson, but the pro portionality constant cannot be given in closed form. (It may be obtained from equation (39) as the ratio of two infinite determinants.) In the presence of impurities, however, the zero-order approximation is exact a t sufficiently low temperatures (as stated above), being proportional to (27/0)/(pr/4A), whereas each correction term is proportional to (T /0)7/(pr/44)3. At high temperatures /60) is independent of T , and each correction term (for a pure metal) is proportional to (0/T )4.
The zero-order curves in figures 1 to 3 correspond to Makinson's approximation (compare figure 1 of Makinson's paper). The present theory shows th a t Makinson's formula for the thermal conductivity is qualitatively correct, and in particular it confirms the existence of a minimum in ka t interm th at the amount of impurity is not too high.f The numerical values of the thermal conductivity, however, are increased a t intermediate temperatures in all cases, and are increased particularly a t low temperatures in the case of an ideally pure metal. The position of the minimum in ki s shifte peratures, and the same is true for the low-temperature maximum in k which occurs for impure metals. The correction terms are, in general, larger than in the case of the electrical conductivity, the first correction to the ideal thermal conductivity alone amounting to about 25 % a t low temperatures. This means th at the Lorenz number L = k/oT is increased above Makinson's values; numerical estimates of L may be obtained by combining corresponding values of cr and k given in tables 1 and 2.
The experimental results on the thermal conductivity have been discussed by Makinson; they are not sufficiently accurate to justify renewed discussion in the light of the present theory. There is fair agreement between theory and experiment, both qualitatively and as regards orders of magnitude, bu t the minimum in k predicted by the theory does not seem to have been observed.
The theory of the transport phenomena in metals 5*2. The thermo-electric power
The general expression (40) for the thermo-electric power is more complicated in character than the corresponding expressions for the electrical and thermal conductivities, and will not be discussed in the same detail. I t is known th at, a t high temperatures, © = 7r2F T /£ , (58) and that, a t very low temperatures,
the latter result, in particular, being valid both for an ideal metal and in the presence of impurities (Kroll 1933a; Wilson 1936, pp. 177, 220) . The correction terms of order (0/T )2 a t high temperatures, and of order ov/o^ for an impure metal a t low temperatures, have been obtained by Wilson (1937) . These results may be shown to follow as special cases from equation (40), which provides the connexion formula for the transition from the expression (59) a t low temperatures to the expression (58) a t high temperatures, and which replaces the simple approximate interpolation formulae given by Kohler (1949a) and Sondheimer (1947) . Kohler's formula, in particular, is obtained if the infinite determinants in (40) are broken off a t the third row and column, and higher approximations to © may be obtained by retaining additional rows and columns. I t does not seem possible, however, to make any general statements regarding the effect on © of retaining the higher terms. There is therefore no point in discussing them in detail, particularly in view of the wellknown inadequacy of the free-electron model to serve as a basis for discussing the observed thermo-electric effects in real metals.
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